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ABSTRACT
We study the almost everythere convergence to the initial data f(z) =
u(z,0) of the solution u(z,t) of the two-dimensional linear Schrédinger
equation Au = i8;u. The main result is that u(z,t) — f(z) almost every-
where for t — 0 if f € HP(R?), where p may be chosen <1/2. To get this
result (improving on Vega’s work, see [6]), we devise a strategy to capture
certain cancellations, which we believe has other applications in related

problems.

We are interested in the problem of almost everywhere convergence u(z,t) —
u(z,0) for solutions u of Au = i8;u on Rf,_“. In dimension d = 1, it was shown
by L. Carleson [2] that the condition u(z,0) = f(z) € H'/4(R), i.e. L*-control
on the derivative of order i of f, suffices. This result is sharp as observed by
Dahlberg and Kenig in [3]. In dimension > 2 the correct exponents are unknown.
The best result up to date for d > 2 is the condition f(z) € H*(R?) for some
s > 1, obtained independently in [1], [5], [6]. We will be concerned here with
dimension d = 2. The purpose of this note is to improve to f € H?(R?) for
some p < 1. (We consider only the local problem.) The heart of the matter
consists of some new estimates on certain particular integral operators. This
line of investigation seems of interest by itself and the technique developed here
most likely also applies to related problems, such as certain Korteweg-deVries
equations. We don’t intend to pursue these matters here, neither will we try to
optimize the result of the method. The author is grateful to M. Ben-Artzi for

discussions on the subject.
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Consider the operator

(1) Tf(z) = / F()eH R gite8) g
R2

where 0 < t(z) < 1. We consider the local problem, i.e. z € D(0,1) = unit disc.
Here t(z) is an arbitrary function. We will first reduce the problem to studying
integral operators of the form (12) below. Our methods have a certain formal
resemblance to those used in analyzing the Luzin maximal function (cf. [4]) and
involve combinatorial considerations.

Consider the usual Littlewood-Paley decomposition of f, i.e.

f=2fk

E>0

where fi(€) = f(E)(pk(K |) and g is a bumpfunction, and write

T= ZTk,

@ Tufe) = [ HEONT 00y (e,

We evaluate the individual components Ty on L2. Our aim is to get an estimate
E 1

3) IT%]] < 2°*  for some p < 5

This will yield boundedness of T on H? where p < %
Dualizing T, one has to estimate

T2 o(e) = / 9(@)e DN =0 d - gy ([e])

acting from L2(D(0,1)) to L?(R?).

One has (repeating Carleson’s argument)

/ (T3 g 2de = / §(2)9@) K1 (2, y)dedy

where

Ki(,y) = / =0+ KD, (1¢)2dE.
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Using polar coordinates ¢ = (r cos 6, r sin §) and stationary phase, Ki(z,y) has a

main term which is captured by a kernel of the form

2
. !3_”
e'{ t{=z)—t(y

|z -y 2|t(z) — t(y)]'/2

) |z —y|
Ky(z,y) =2" "1 <_2[t(z) - t(v)])

® +o(F=):

The contribution of the second term in operator norm is < 2%/2 hence negligible.

The first term is clearly bounded by

1
|z~ y|

(5) 2t

which has operator norm 2*. This approach would lead to the condition f € H/2,

Our aim is to make a more delicate estimate in order to show that the operator

|z -yl e'."E).:'?l(zﬁ (=)
© v (t(z) - t(y)) e o) — () 2 || = 2 :

This estimate is local in the sense that we keep z,y € D(0,1). It should be
uniform over all possible functions 0 < #(z) < 1.

We do a first reduction. Use letters by, be,... for parameters to be specified
later. Fix 0 < by < 1 and define for j > 0

(M) D; = {z € D(0,1)|j5,27* < #(z) < (j + )nr27F}.
If K3(z,y) is the kernel appearing in (6), write for b, > 1
K3(z7 y) = Z K3(za y)XD,' (z)XDj' (y)
(®) 1<]5~5|<b7 by
+ O (K3 (=, y)IXil(z)-s(n) bz 40l -1 >b:2-)
The error term in (8) is bounded by
2k/2

(9) T X la-yl<h) + 02

1/22’:/2 1
|z -yl

|z —y[*/

which operator norm on L? is clearly

(10) <22 (b + 51?).
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The operator norm of the first term in (8) is at most
(11) 2k/2p, b7 Ey

where FE; is a uniform bound on operators with kernel of the form

. 2%z — y|?
(12) Ky(z,y) = exp z#_ay(ly)
where
(12) 0<a<h
and
(12) 2, <@ < by

Thus we have to show that the norm of such Kj is bounded by 2-¢*, indepen-
dently of a,a. Observe that if a,a would be constant, K4 would be a convolution
operator of norm < 27¥b,.

Fix 0 < b3 < 1 and consider the sets

Uj = {z € D(0,1)|j5527* < a(z) < (j + 1)bs27*},

9 U; = {z € D(0,1)|jb:27% < a(z) < (j + 1)bs27%}.

A direct verification shows that if a (resp. @) is replaced by a function constant

on each U;j (resp. Uj), an error appears of at most

bs
14 —=.
Since K4 is uniformly bounded, an L2-L? estimate of 2~¢* will result from a
bound:

a | ] sG] < Tl

D(0,1)x D(0,1)

Writing Ky = X; j Ka(z,y)xy; (a:)xl-,j, (v), one gets by the preceding hypothesis
on a, @ the following bound on the left of (15):

(16) 52275 Y lfiv;llallglo,, ll2 < B227% D0 (U120, M2

53! g <bg 12k
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Fix b4 > 1 and define
1 J = {jllUj| > 5s27%} and J' = {j||Uj| > 6,27}

Thus # J, # J' < b;'2* and hence by Cauchy-Schwartz

(18)
S UMT M < 67 Rk (BT )Y (2105 1) < (bsba) M2,
jeJor jET

Substituting (18) in (16) yields a contribution
(19) by (bsbs)~1/2,

Eliminating this contribution, one gets image measures v (resp 7) of a : D(0,1) —

R (resp a) satisfying by construction
b

(20) y(I) < f—m +27F and ()< Z—“m +27F
3 3

In fact, only the properties of a will be used.
Come back to (15). Consider subsets V; of U; and estimate

> [ | f@Kiaas

i b0y v

]1/2

dy < [Z:vr‘ / [ / @)Kz, ¥)da|

1/2
dzldzg] .

| / Ku(z1,9)Ka(ez,9)dy

@) < [E VI~ //v,-x%

Denote a; the value of a on Uj. It follows from (12) that

2 2 _
(22) Ky(z1,y)Ks(z2,y) = exlnzk bl lz?l 2(<y),x1 z2>'

We will use the following lemma:

LEMMA 23: Let u be a probability measure on D(0, R}\D(0, p) and p = f: " podf
its radial disintegration. Let N € Z, and assume

27

[] ]
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Let &1,¢62,...,& € R? satisfy €, —&y| > 1 for s # s’ and |¢,| < N. If for

s=1,...,r

(25) (&)l > b,
then r satisfies

(26) r<C——.

Proof: By passing to a proportional subset of {1,...,r}, one may assume for
instance Re ji(¢,) > b,

(27) /

and hence also

(28) /

where v is the expectation of p w.r.t. a partition of D(0,1) in squares of size
~ 1/N. Defining

r

Z c21rl'($. ,Z)

a=1

p(dz) > rbe,

v(dz) > %rbs,

z": eZm'(f, ,E)

=1

29) v [dv 1

ikl T 2
dz ~ 100R? ’"b"]

one gets by Holder’s inequality

r . 1
2’"(€lv2) i
(30) ; e v(dz) < 1 Orbs
D\Y
and hence
b
(31) y(Y) > 3“

The set Y is a union of (# X +)-squares (I)a<g, Where from (29) and (31)

100R?

3
ber

N2

(32) B<
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and

(33) Su(la) > %“

It follows from (24) that
2x

(39) N [ Eonnl2t)? < 2bs
0

where I = I, NR - (cos §,sin §). Also, since dist(0,I,) > p

1 1/2
I) = ¢ d€<———(/ I¢ 2d9)
#(1a) /#9( ) \/-ﬁ\/,_) po( a)
and thus, by (33), (34) and Cauchy-Schwartz’ inequality,

N2
(35) bs > N*pZu(La)* 2 p-;bﬁ-

Substituting (32) yields the bound (26) on r.
Coming back to (21) and (22), we fix a parameter

(36) p=b
and consider the image measure p; of 2-dimensional Lebesgue measure on

D(0,1) \ D(0, pb3) under the map

9
a(y) — a;

Observe that this map preserves the rays. One gets the bound

(87) $i:y

(38) R < ]!

from the hypothesis on a, a.
Since ;¢ is the image measure of r - dr under the map

r

¢56(r) =

m, €9 = (COS 9, s1mn 0),

the left member of (24) equals

2n

11
] rlrgdrldrgde
) [ ="
0 00

= - = + =
a(ries) —a; @(rpeq) —a;| N
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which is bounded by

2w

11
/// drldrgdﬂ <
) S laj(r1 —r2) — r1G(roeq) + raa(rieg)| + N-162 —

2n
br? / // drltirgdG _
0 (|r1 = ro| + N-9) ( a; — 7'1(1(1"26:) — :20(”60) + N_l)
1—T2

(40) + N7%b72

Here we let N = 2*. It follows from (13) that

bs

Jbs
<y

N

aj

Hence, summing (40) over all j yields the inequality

2w
#5,0(dr1)p;j6(dra) kp—1;-272
41 : do <2%b; b “k”.
(4D Xi:o/// Iry—ro|+27% 7 =7 %
(No properties of @ were used, except (12").)
Define
4 Vi={lerne) eV x Vil [ Ko,y Kalen, ] > be)

and assume

2n
#5,6(dr1)p;e(dra)
(43) /// |T1—T2l+2_k d9<b5,
(1}

(44) mes (V;) > bga ™",

We assume j fixed and drop the j-subscript.
For § € [-1,1], define

(45) Vs = {(z1,22) € Vllza|* = |z2|* = 6}
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and
(46) Vs = {1 — &2|(21,22) € Vs}.

Assume £i,...,¢, a 2 F-separated set in V5 and let ¢, = 2%¢,. Defining

é
47 P Y) = exp izk——_—,
(47) v —
one has .
Z / go(y)e“"*f')f(a(y)‘“)dy > rbg
1
and hence
(48) et + Y |G — &)| > TP
5,8'<r
where p is the image measure under the map
Y
bs.
yH&(y)—a’ |y|>P2
Since (43) holds, Lemma 23 gives the following upper bound on (48) (by (38)):
49 L Y
( ) rpzbgbg-{-r 6 + 17 p~02,

and letting by = p ~ by *bg, bs ~ b? it follows that

(50) r<
Clearly this bound on the 2 *-entropy of V; implies the measure estimate
(51) [Vs| < 5720306505 1247F.

Denote z; = (z1,1,21,2),22 = (z2,1,%2,2) and consider the coordinate transfor-

mation F(z1,22) = (6,y,8') given by

Ty1Z92 — a:mzn)

F
(52) (z1,22) — (lﬂhl2 - |12|2,3:1 — T3,
Ty — -’Ezl

for which the Jacobian

(53) J(F)~ |21 — 22| > 6.
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Since Projy[F(V)s] = Vs, one has by (44) and (51)

_ dédyds’
it < [ b
9 F(V) é + 8-k

/ dédy
< =
Proj,,, F(V) 6+8

(54) < b7 2b2bsby k- 47k,

These inequalities imply the existence of § and y such that
(55) mes F(V)s,, > b2b52b5 b2 bek ™.
If F(z,,z2) = (6,y,8'), one has

() {(12,!7) = bt

(932:;) = 6,)

where § = y/ly| and ¥ = (—=y2,11)/|y| the orthogonal vector. Consequently,
there is a line L such that

(57) ILAV| > b2b; 265 512bek ™1 = by,.

Hence, assuming no line L satisfies (57) with respect to Vj, (43) and (44) are
contradictory. Hence, one of the following properties holds

H,6(dr1)uje(drz)df
(58) ./ / / Iri —ra| +27% > b
(59) mes V:, < 6102"‘,
(60) mes V; < ?—2'kmes V;.
10

From (41), the number of j’s satisfying (58) is at most 2¥b;'b72k2b; ", which
contribution in the (21)-sum is bounded by b3 b7 2k2b; by, since |V;| < |U;| <
b2 k.
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The contribution of (59) is bounded by b1ob;*. Finally, the contribution of the
(60)-terms is at most

> Ml“{ // } + b3 by be < by + b3 bl by.
J VixV;\V;

Collecting previous estimates, one gets the following bound on (21):
(61) {67172 k205 by + broby ! + b + b3 1bg be } /2.
Given Uj, there is a decomposition in disjoint sets,

(62) Uj =V;UUaWa,

where V; satisfies the previous condition, i.e. no line L intersects V; in a set of
(1-dimensional) measure > b;; and to each W, one may associate a rectangle Ry
such that

(63) Wa C Ra; qul 2 blllRal-

We assume U; in a union of 7-squares, where 7 > 0 is chosen sufficiently small.
One then constructs the W, by induction and the R, have r-width. This con-
struction is standard and we omit details. Observe that by (63)

(64) Z|Ra| < b5} |U;].

Assume j satisfies (43). One has to estimate

(65) -/D(O,l)

One bounds (65) by

f(z)K4(z,y)dz|dy.
Wa

(66) T.g

where ¢ is a (uniform) estimate on

(67) /

1
/0 F(u)Ka(a+ €u, y)duldy.




12 J. BOURGAIN Isr. J. Math.

Here a € D(0,1),}¢| = 1 and |f] < 1. Squaring again, (67)? is bounded by

(68) /01/01

From (22), one gets for the integrand the expression

/ Ky(a+ Euy,y)Kel(a + Eug, y)dy|duidus.
D(0,1)

2(a, §)(u1 —u2) + "1 —ud —2(y,£)(u1 — “2)
—a(y)

The transformation G(u1,u;) = (u1,usz) defined by

(69) exp 12*

{v1 =2(a, &) (u1 —u2) + u? —u2
Vg2 = Uy — U2

has Jacobian J(G) = 2|u; — ua].

Repeating the considerations leading to (50) shows that, if v; is fixed, then

kU1 — ( Y, )
exp 12t ——2 >~
/ - a(y)
Hence, for « > 0

(68) gfflul_hl«---dulduz
//Ivz|+ '/ p'zkl (63 i

(71) <K+ byzlog ; + ;b;%gbsb;;?z-".

(1) mes {u

> 512} < b7 2bsbp, 227,

dvl d%)z

Choosing « appropriately, this yields the following estimate of o:
(72) o SBL% + b7 0y Pt ek

Hence (65) is bounded by |R,|. (72) and summation over «a yields, by (64) and
(72),

(73) /

for an appropriate choice of by,.

/ f@)K(z,y)dz|dy < bby M0 M8 =M
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From (61), (62) and (73), it follows that

bl—lb;1/2bi/2b5—1/2k + b;lﬂb}éz + b;/z
+ b3—1/2b1-01/2b;/2 + b]—llb;l/l4b;/l4b;/282_k/28.

. f(z)Ky(z,y)dz|dy <

(74)

By (19), (74) and (57), there is the following bound on E;:

b2bg + byby /26717 67 b 20 6 Pk + b B2

(75) 12—
+ b;/2 + b3 1/2b101/zb;/2 + bl—sbgbgb;ub;l k2—k/28.

Thus (6) is bounded by
(76) 2%/2{by + b, /% 4 b7Cb, - (75))

from (10) and {11). Here ¢ is some constant.
Choosing in order by, by, bs, by, bs, bs, b1o, be, a gain of 27°% is gotten, where

€ > 0 is some constant. This yields inequality (6) and hence (3).

Appendix

There is a different approach to the estimate proved in the paper, using the recent
work of the author on Fourier restriction results in R3. This approach will mainly
combine the results from [B1] and [B2] listed at the end of this appendix and give
some application of the non-L? restriction phenomena (in dual form) obtained
in [B1]. It would be possible to derive from the argument presented below some
explicit exponent, but for the sake of simplicity we won’t attempt here to make
things more precise and optimal. Thus we look for an inequality of the form

X 1/2
(A1) < Nv ( / lf(c)Pde)
L%(B(0,1))

£ i((z 2
Sup, / F()eit el g
0<t<1
l€l<N

for some p < 1.
Choose some ¢ > 2 and estimate the left member of (A.1) by appropriate

change of variables (rescaling),

(A.2) N4

sup
0<t<N?

/ FNE)eiimO+Iel) g
lei<1

L9(dz)
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Using standard considerations, one may then estimate it further by

(A3) N21=1/9)

/f(NOci((z,E)HlEI’)df
[€l<1

La(dzdt)
Consider the surface (¢, [£]?) in R3, restricting ¢ to the unit disc. Since there is

obviously curvature and smoothness, the restriction and extension theory applies
equally well as for the sphere. Call (p,¢) an admissible exponent pair provided

R du
(A9) Il < ¢|

P

with g a measure carried by the 2-sphere S; or the restricted paraboloid P
considered above. The classical L? - restriction theorem states then that (2,4) is
admissible and in [B1] admissible pairs were obtained with ¢ < 4.

Applying the (p, ¢) pair in (A.3), one gets a bound

1/p

(e wavo ([ If‘(Ns)Vdc)”" - v (i)

For p = 2,q = 4, that is inequality (A.1) with p = 1.

It was shown in [B2] (immediate consequence of Lemma 3.23) that this (2,4)-
estimate may be improved, unless the density “corresponds” to the indicator
function of a cap (as a rough statement). More precisely, if we assume f to be

of the form

(A6) fO=1gnz  (@CBON)

then an improvement will be obtained, unless for some square @ one has
(A7) Q] ~ QI ~ 120 QJ.

Remark: f may always be broken up in level sets. The meaning of ~ actually
will allow factors of the form N for some specific § and so is the meaning of
an “improvement”. That this is the result of the reasoning below is left to the

reader to check.
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So assume (7) holds. If |Q| ~ N2, apply estimate (A.5) for an admissible pair
(p,g) with ¢ < 4, gotten from [B1]. Since here

(A-8) (/If(ﬁ)l"dﬁ)l/p ~ N*PN71

we get an estimate of the form
(A.9) Ni-2/

with 1 -2/¢ < 1.
If |Q| = N2, with Ny = N17¢, thus Q C & + B(0, V1), we proceed as follows.
Write in (A.2)

(A.10) €1 = l&ol® +2(g,m) + Inf?

where ¢ = éo/N, In| < Ni/N.

It is clear from (A.10) that the parameter values needed to recapture the
supremum for ¢ € [0, N?] may be taken in a N/Nj-net and hence the passage
to the t-integral and (A.3) gives a saving of a factor (N;/N)'/°. Then continue
with the (2,4)-extension theorem to conclude also that case. Going through
this argument a bit more explicitly, this easily leads to (A.1) with an exponent
p<3.
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